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Apply the Newton's second law as

Mechanical Engineering

\ 4 .

)  F  = m d " = m Q . 6 = T t r i g
L/

kt(x, - q.e) - kz(x, + b0) - rnic

mxc + (h + kz)x, - (kp - bk)O = 0 ... ... ... (1)

n@ral modes, we must solve the eigenvalue problem for the system, which is

ibration equations, so let F = 0 in Equation (7), we can write the free vibration

matrix form

But, free vibration is harmonic, so that by analogy with Equations 0 and 0 we can write

['uo'o ,oooo] [?] . li:,i33 i;:ff,lt?l = t3l

xc(t)  = Atei t t  '

i r ( t )  = -Ara2ei ' t  '

Then from the equations (1) and (2)

0( t )  =  Aze i "  . . . ( b )

61t1 : -A2a2et' t

F;"'i;*;.;r-;;i"*j;;;;.'t* 
:;jirt,r.,.i;..J;,:;:;-:;pl
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Substituting Equations (b) in Equation (a) and dividing through by tt,t, we obtain the

eigenvalue problem '

Hence, according to Equation (33), the characteristic Equation for the problem at hand is

-,'['uo'o ,foo] li:l.lt1i\T i;:::,j11;l = ffit

L(az) = det l'uoo2rrt500a;2 ,runftl'froor,] = 0
= 3 x r06(aa - 13g.BB7a2 + +.320)

which has the solution

?,i= un'nnt * (69.443)2 - 4J20

so that the natural frequencies are

or = 6.858 rad/sec , az = 9.5842L

The natural modes can be obtained by replacin#qffi and otl in

. . . ( / )

Equation (c), To this end,

" ' (e)

" ' . . . . . . . . . ( i )

. . . . . . . . . . . . ( i )

we substituting a2 = ut? in the top row of Egfuio@and write

(76000 - Lsoo x 47.0%")#%ffi0A2 - 0
which yields % Y

. ^  ( 1 )  - . - & - ^ & W(fi)"'=-ffi'n' rad/m
Similarly, introducing uz = aWthe top row of Equation (c), we have

(76000 - 1500 x 91.857)41+ 21200A2 = 0

rad/m

modes become
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$r*9 ' l8 ra#*

i i ; :  i . .  l i l r l u  '  ,

r , , , , , - ,

Then, the natural frequencies of the

lf the two equations of motions for the system shbwn in Fieurpftdare

.g E--

mi1*T*r-T*r=o t r f  ry
nryV ,,-r:r:; i

m * z - T * r * T * r = o  
A W  

'  : '
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Matrices

Mechanical Engineering

lo,il =

where

I = row, ,/ = column

Row matrix When the matrix has one row the matrix called row matrix 
&

lB)=[b1 b2 br] 
fu%dw

Column matrix or vector A column matrix hasT - L called column t"ttiSq\/

lcrl rt &/ry'
lql =l ' ,1 ,& w

Lcsl q 
%,

Unit matrix [I] r

lott 
&rz ottl

lo t t  
ozz  or t l

Lazt azz Azzl

[I] =

Diagonal matrix

diagonal mat

Transpose The transpot" Fi;]' Aril

t

lal;l = r^ Qtz o-rc1

{ ezz azsl'

Minor A minor M;; of a matrix [arr] is formed

the rows and columns are

[1 0

t3t#ry
0

Qzz

0 0

is a matrix

0 1
o l

aszJ

in which

V,if' =

by deleting the

[o" o"1
l an  azz l

Lo* azsl

i-th row pd,t-th column fro the

deteffiant&f the original matrix. If

%ru"t t orz arel
lai1ffi lazt Qzz artl then
" f Last &sz azzJ

,,, = 
l:i: :::l = eztesz - azz&zt

The cofactor C;; is equal to the signed (-1)t*lMi' for example

c 7 z = ( - 1 ) t * t M r z = - M t z

Adjoint matrix An adjoint matrix of a square matrix [arr] is a transpose of the matrix of cofactor

or [e;;] i.e.,
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/.
Inverse matrix

Note that

- lcrt czt

adl[a; i] = lC,if' = 
li:: 

,r::

le.'1-' 
- adi[rii]

it -a.;_

[n,]-!lt,) = III

iil

&
A &

# & "
a ;

re%rl

/"ffiw%ros\ y
,lAL ru/F [ro"

i&. w
{ B" r y

Forced Harmonic Vibration of
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